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1. INTRODUCTION

Let 7r" denote the set of real algebraic polynomials of degree n or less and
let II ·11 be the uniform norm on C[a, b], the set of continuous, real-valued
functions defined on the interval [a, b]. The classical strong unicity theorem
(see Cheney [1], p. 80) asserts that ifPI is the best uniform approximation to
f E C[a, b] from 7r" , then there is a constant y > 0 such that

or, equivalently,

Ilf - P II? Ilf - Pi II + y lip - Pi II

lip - PI II ~ (1jy)(llf - P II - Ilf - PI II)

(1.1)

(1.2)

for all P E 7r" . In a recent paper, Y. Fletcher and J. A. Roulier [2] have shown
that strong unicity can fail for monotone approximation in which the
approximating space consists of the nondecreasing polynomials in 7r". In
this paper, it is shown that an alternative concept which we call "strong
unicity of order t" is valid for monotone approximation. The setting of this
paper is somewhat more general than that of [2].

Let 1 ~ k1 < k 2 < ... < k l ~ n be I integers and Ei = ±1 (i = 1, ... , I)
be I signs. In the monotone approximation problem considered by G..G.
Lorentz and K. L. Zeller [4] and R. A. Lorentz [6], the approximating space
IS

= {p E 7r,,: EiP(k;l(x) ;:?: 0 for x E [a, b], i = 1,... , I}.

The approximating space in [2] is M n(l; 1). IfPi is the best uniform approxi
mation to fE C[a, b] from M" , we say that PI is strongly unique of order
ex (0 < ex ~ 1) if for each K > 0 there is a constant y > 0 such that

Ilf - P II ? IIf - PI II + y II P - PI WI"
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(1.3)



or, equivalently,
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lip - Pt II ~ Ojy)a (lif - P ll- - Pt

for aU P E M n with II p II ~ K. The principle result of this paper is that if n is
large enough so that deg Pt ?o k z , then best monotone approximations are
strongly unique of order t. The example of Fletcher and Roulier [2] shows
that the order t cannot in general be improved. In doing this, we shall need
to extend a modified strong unicity result of Fletcher and Rouher [2] to the
more general setting of approximation from Mn(k1 , ... , k[ ; E1 "'0' E[). This is
accomplished with no change in their proof.

It is known that strong unicity and Lipschitz conditions for best approxi
mation operators are related (see Cheney [1], p. 82). In this light, the best
uniform approximation operator corresponding to Mn(k1 ""j k l ; E1 ,,,.,

is shown to satisfy a local Lipschitz condition of order t on bounded subsets
of C[a, b] when deg Pt ?o k l • In addition, this operator is continuous even
if degpf < k[.

2. BACKGROUND AND NOTATIONS

The results of this paper depend on a characterization theorem of
G. G. Lorentz and K. L. Zeller [4] and a modification of a lemma of
R. A. Lorentz [6] used in establishing uniqueness of best approximations
from M n . In this section, we state the pertinent results from these papers
and introduce a seminorm and a norm on 7Tn to be used in subsequent
analyses.

LetfE C[a, b]\Mn andpt E M n . Define

A = A(f,pt) = {x E [a, b] : If(x) - Pt(x) I = - Pt II} (2.1)
and

(2.2)

for i = 1, ... , l. For x E A, let

a(x) = sgn[f(x) - PtCx)].

The characterization theorem of [4] follows.

LEMMA 2.1. LetfE era, b]\Jlfn andPt E M n . ThenPt is a best approxima
tion to f from M n if and only if there exist Xi E A (i = 1,... , (1-) and Yii E Bi
(j = 1,... , Ai , i = 1,... , I) andpositive numbers (Xi (i = 1,... , p) and (3iiU =

Ai' i = 1,... , I) with
[

(1-+ LAi~n+2
i=l
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such that
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" l AiI CXiU(Xi) q(Xi) + I Ei L: f3ijq(k i)(Yi;) = 0
i=1 i=1 i=1

(2.4)

for all q E 7Tn •

In the remainder of this paper, Pi shall be the best approximation to f
from M n and the points Xi and Yij shall be fixed. Let

v = n if degpi ;?: k l

= k i - 1 if k i is the smallest k i > deg Pi .

Let ei denote the number of Yii in {a, b} and N = fL - 1 + Lki';;" (2-\ ~ eJ
We shall be interested in the Birkoffinterpolation problem (BIP) of finding :i

q E TTN such that

q(Xi) = ai(i = 1,·,.·fL)

(j = 1,... , '\ , k i ~ v)

(a < Yij < b,j = 1,... , '\' ki+l ~ v).

(2.5)

(2.6)

(2.7)

The following lemma differs from Lemma 2.2 of R. A. Lorentz [6] in that
he used degpi in place of van A and Bi in place of the Xi and Yii' The proof
is the same as Lorentz' proof with the exception of an application of (2.4)
instead of another characterization theorem and is omitted.

LEMMA 2.2. The BIP (2.5)-(2.7) consists of N + 1 nonoverlapping condi
tions and N ~ v + 1. The incidence matrix E for the BIP (2.5)-(2.7) satisfies
the strong Polya condition and contains no odd supported sequences. Thus the
BIP (2.5)-(2.7) has a unique solution in TTN for every choice of the ai , bi; , and

Cij·

For reference on Birkoff interpolation, see Lorentz and Zeller [5].
For P E 7Tn , define

II P II' = max{1 P(Xi)[ (i = 1,..., tt),

Ip(ki)(Yij)[ (j = 1,... , '\ , i = 1,... , I)}

and

(2.8)

lip 11* = max{lp(xi)1 (i = 1,... , tt),

Ip(ki)(Yii)1 (j = I, ... , Ai' i = 1,... , I),

Ip(ki+l)(Yii)! (a < Yii < b, j = 1,... , Ai , i = 1,... , l)}. (2.9)
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It is clear that II . 1[' and II . 11* are seminorms on 'lTn • The main use of
Lemma 2.2 is in the next lemma.

LEMMA 2.3. If deg Pt ~ kz , then II . II * is a norm on 'ITn •

Proof The proof is easy. If degpi ~ k l , then N > v = n. As a result, the
only solution to the homogeneous BlP (2.5)-(2.7)(ai = bij = Cij = 0) in 'lTn

is the trivial solution. If P E 'ITn and II P II * = 0, then P is a solution of this
homogeneous BIP and thus p - 0.

An important consequence of Lemma 2.3 is that Ii '11* and the uniform
norm II . II taken as norms on the finite dimensional space 'ITn are equivalent.

3. STRONG UNICITY OF ORDER 1/2

We remark that if fE M n , then (1.1) holds with y = 1. Henceforth, we
shall assume thatf¢' M n •

The first theorem of this section is an extension of Theorem 4.2 of Fletcher
and Roulier [2] to the more general setting of approximation from M n

(ki , ... , k l ; EI , ... , El)' The proof of this theorem is exactly the same as their
proof and thus is omitted.

THEOREM 3.1. Let fE C[a, b]\Mn,Pt be the best uniform approximation
toffrom M n , and II •ii' be given by (2.8). Then there is a constant y > 0 such
that

(3.1)

for allp E M n .

Fletcher and Roulier [2] proved independently of their Theorem 4.1 that
(Ll) holds for those p E M n for which PI - P E M n . We give a simpler
proof of this result using Theorem 3.1 and the ideas of Section 2. Again this
result is extended to the more general monotone approximation problem.

THEOREM 3.2. LetfE C[a, b]\Mn andPt be the best uniform approximation
toffrom M n . Ifdegpi ~ k z , then there is a constant p > 0 such that

Ilf - P II ~ Ilf - Pi Ii + p II p - Pi II

for all P E M n with p(ki)(Yij) = 0 for j = 1,..., '\ , i = 1,... , l.

Proof Since II . II * and II . II are equivalent norms on 'ITn , there is a con
stant PI > 0 such that II q II*~ PI!! q II for all q E 'lTn • Let p E M n with
pU'i)(Yij) = 0 forj = 1,... , ,\, i = 1,... , I. Since EiPjki)(X) ~ 0 and EiP(ki)(X) ~
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O "or E [a b] p lki+1)( ..) = lk;+I)( ..) = 0 "or < .. < b . - 1 \ .l' X "I Y'J P Y'J l' a Y'J , ] - ,..., 1\, ,

i = 1,... ,1. Hence, lip - PI II' = lip - PI 11*, and by (3.1) it follows that

Ilf - P II ~ Ilf - Pi [I + Alip - PI 11*

~ Ilf - Pi II + ApI lip - PI II.

where A depends only onf The proof is completed by letting P = API'
The proof of the main result of this paper is similar to the proof of

Theorem 3.2 in that we must obtain a relationship between II P - PI II' and
lip - PI 11* for certain P E M n • In doing this we make use of the following
lemma.

LEMMA 3.3. Let Pm(x) = x2qm(x) + CXmX + fJm for m = 1,2,... , where
each qm(x) is a real-valuedfunction defined on [-1, 1] and the (Xm and fJm are
real. If there is a constant M > 0 such that qm(x) :'( M for all x E [-1,1] and
all m, Pm(x) ~ 0 for all x E [-1, 1], and limm->co CXm = 1imm-;>co fJm = 0, then
cxm2 :'( 4MfJmfor all sufficiently large m.

Proof Since qm(x) :( M for all x E [-1,1],

for all x E [-1, 1]. Assume cxm2 > 4MfJm for infinitely many m. For such m,
the quadratic function Mx2+ CXmX + fJm has two distinct real zeros (-cxm ±
(cxm2 - 4MfJm»l/2j2M. Since limm-->co CXm = limm-->co fJm = 0, Mx2+ CXmX +
fJm has two distinct real zeros in (-1, 1) for infinitely many m. As a result,
Mxm2+ CXmXm + fJm < 0 for some XmE (-1,1) and for infinit1ey many m.
A contradiction is thus reached, and cxm2 :( 4MfJm for all sufficiently large m.

TF1EOREM 3.4. LetfE C[a, b]\Mn , and let Pi be the best uniform approxi~

mation toffrom M n • Ifdegpi ~ k l , then for each K > 0 there is a constant
Y > 0 such that

Ilf - P II ~ Ilf - PI II + y II P - PI 11
2

for all P E M n with lip II :( K.

(3.2)

Proof We assume that (3.2) does not hold. Then there is a sequence
{Pm} in M n with II Pm II :( K and II Pm - PI II > 0 such that

= Ilf - Pm II - Ilf - PI II --,)- 0
Ym IIPm - PI 11 2

(3.3)
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as m -;> 00. Since the IIPm II ~ K, we may assume that Pm ---+P E Mn uni
formly on [a, b] as m ---+ 00. Then by (3.3),

Ii\! - pil = lim II! - Pm!!
m->oo

= lim (II! - pt!1 + Ym IIPm - Pt
m->w

= II!- ptll·

Since best approximations from M n are unique (see R. A. Lorentz [6]), P =
Pt . Thus Pm ---+ Pt uniformly on fa, b] as m ---+ 00.

Now by Theorem 3.1 there is a constant p > 0 such that

II! - P II ~ Ilf - Pt II p lip - Pt Ii' (3.4)

for allp E M n .

We now show that (11Pm - Pt 11*)2 ~ PIllPm - Pt Ii' for some PI > 0 and
all sufficiently large m. Since II . 11* and Ii -II are equivalent norms on '7Tn ,

II Pm - Pt 11* ---+ 0 as m ---+ 00. Fix Yi; E Ca, b). Since pjk;l(Yij) = pjk/+1l(Yi;) =
0, limm~w puc/l(Yi;) = limm->oo p(k/+!l(Yi;) = O. Also, EiP(kiJ(X) ~ 0 for all x
in the neighborhood [a, b] of Yii . Since {p~/l} is uniformly convergent, we
may write

where the qm(x) are uniformly bounded over fa, b]. Employing an appropriate
linear change of variable and using Lemma 3.3, there is a constant Mij > 0
such that

[p (k/+l)(y ..)]2 :s::: M .. I p(ki)(y ..\j
m ~:J -....:.::::: 0 ra oj:

for all sufficiently large m. Thus

[p (k;+l)(y ..) _p(lc/+1)(y ..)]2:s::: M .. lp(k,)(y ..) _pUc/l(v ..)1
Tn 1.1 f 'lJ -.....:.:::.: 'lJ I m 't) f J 'lJ I

for m sufficiently large. Furthermore, 1'1 Pm - Pt Ii' < 1 for all sufficiently
large m. Taking PI = max{1, Mi;(a < Yi; < b,j = 1,... , .It;, i = 1,..., I)}, we
have

(II Pm - Pt 11*)2 ~ ,0111 Pm - Pt II' (3.5)

for m sufficiently large.
Since II '11* and II 'II are equivalent norms on '!Tn, there is a constant ,02> 0

such that

P211Pm - Pt II ~ IIPm - Pt !!* (3.6)
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for all m. By (3.4), (3.5), and (3.6), it now follows that

Ilf - Pm II ~ IIf - PI II + (PP2/P1)IIPm - PI 112

for all sufficiently large m. This contradicts (3.3) and Theorem 3.4 is proven.
We remark that the dependence of y on K in Theorem 3.4 is essential.

This is easy to see as II P - PI 112 grows faster than Ilf - P II as II P 11- 00. In
addition, the example of Fletcher and Roulier [2] shows that the order t
cannot in general be improved. We briefly review their example. Let [a, b] =
[-1,1], n = 3, 1= k1 = E1 = 1, and

I(x) = t - x2+ (x - 1/31/ 2)3.

Fletcher and Roulier showed that the best approximation toffrom Mil; 1)
is

Pt(x) = (x - 1/31/ 2)3

and Ilf - Pt II = t· Moreover, for Pa EMil; 1) given by

pix) = (x - 1/31 / 2)2 + o:x(x2 - (1 - 0:)),

we have Ilf - Pa II = t + 0:2 and II Pa - PI II = 20:(1 - 0:)3/2/33/2 for 0:
sufficiently small. For any t < 2,

Ilf - Pa II - Ilf - Pt II
IIPa - PtW

0:2-t
-::----:-:-~-=-:-:- 0
[2(1 - 0:)3/2/3 V3]t

as 0: - O. Furthermore, II Pa - Pt 11-- 0 as 0: -- O. Hence Pt is not strongly
unique of order greater than t.

4. CON'TIN'UITY AND LIPSCHITZ CON'DITION'S

The first theorem of this section asserts that the best monotone approxima
tion operator is continuous with respect to the uniform norm topology on
C[a, b]. As with Theorems 3.1 and 3.2, this theorem is an extension of a
result of Fletcher and Roulier [2]. Unlike their proof, our proof does not
ostensibly depend on Birkoff interpolation. Instead we employ the techniques
of A. Kr06 [3]. In this section, we shall let TnU) denote the best approxima
tion to ffrom M n .

THEOREM 4.1. The operator Tn is continuous at each fE C[a, b] with
respect to the uniform norm topology on C[a, b].

Proof Let fE C[a, b] and let {gm} be a sequence in C[a, b] such that
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limm~oo II gm - fll = O. We must show that 1imm~oo II Tn(gm) - TnU)11 = O.
Assume otherwise. Then by extracting a subsequence and relabeling, we
may assume that II Tn(gm) - TnU)11 ?:: E for some E > 0 and all m. It can
easily be seen that II Ti gm)1I <; 211 gm II and hence the Tn(gm) are uniformly
bounded. Thus we may assume that Tn(gm) - q E M n uniformly on [a, b] as
m -)- 00. The inequality

appears in A. Kro6 [3] and is easily established. Hence,

But

By the uniqueness of best monotone approximations (see [6]), q = TnU)
and limm~", Ii Tn(gm) - TnU)11 = O. This is a contradiction and the theorem
is established.

The next theorem shows that if deg TnU) ?:: k, , then the continuity of
Theorem 4.1 is a local Lipschitz continuity of order t.

THEOREM 4.2. Let fE C[a, b] and assume that deg TnU) ?:: k,. Then for
each K > 0 there is a constant ,\ > 0 such that

(4.1)

for all g E C[a, b] with II g II <; K.

Proof The proof follows directly from Theorem 3.4. If II g II ~ K, then
II Tn(g)11 ~ 2K. Select y > 0 such that

Ilf - p II ?:: Ilf - TnU)11 + y II p - Tif)ll2

for allp E M n with lip II <; 2K. If g E C[a, b] and II g II ~ K, then

II Tn(g) - TnU)11 ~ y-l/2(1lf - Tn(g)il - Ilf - TnU)11)1/2

~ y-l/2(llf - gil + II g - Tn(g)il - Ilf - TnU)t[)1/2

<; y-l/2(1lf - gil + II g - Tintt - Ilf - TnU)11)1/2

<; 21 /2y-l/211 g - fW/2•

Thus (4.1) holds with ,\ = (2jy)1/2.
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5. CONCLUSIONS

The main results of this paper are Theorems 3.4 and 4.2. Although strong
unicity of best monotone approximations can fail, strong unicity of order
t holds when deg Pt ?: k l • This condition is not overly stringent for if
!rt M 7c -1, then degpt ?: k l for all sufficiently large n. This condition is used

1

only in proving that II '11* is a norm on tfn • It would be interesting to in-
vestigate the necessity of this condition.

A subtle difference between Theorem 3.4 and ordinary strong unicity is
that (3.2) holds on bounded subsets of Mn • This local nature cannot be
avoided for strong unicity of order less than 1. This follows because lip 
PI Ill/a grows faster than I[! - P I[ as II P II ->- 00 when ex < 1.

Although the order t is best possible for strong unicity, it is unknown
whether the order t is best possible for the Lipschitz condition.

It is the author's view that further research on strong uniqueness need be
done for constrained approximation problems such as that of approximation
with restricted ranges on derivatives (see [7]). This view is based on the
observation that strong unicity appears in several convergence analyses for
algorithms to compute best approximations.
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